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EDGE EFFECT IN THE BENDING OF A THIN THREE-DIMENSIONAL PLATE*

I.S. ZORIN and S.A. NAZAROV

The boundary layer near the rigidly clamped edge of a thin
three-dimensional plate subjected to bending loads is investigated. It
is shown that taking account of the next term in the deflection
asymptotic form results in the appearance of inhomogeneities in the
boundary conditions on the plate edge. It is proved that far from the
edge the difference in the solution of the problem in an invariant
formulation and the three-dimensional solution is inversely proportional
to the plate thickness {the error for the Kirchhoff solution is
inversely proportional to the square of the thickness; near the edge the
accuracies of both solutions is identical). A correction term is found
in a representation of the eigenfrequencies of the bending vibrations
and a comparison is made with the Reissner theory.

1. Pormulation of the problem. Let Q be a domain on the plane R? bounded-by a closed
simple smooth (class C*) contour d6Q, @ is a cylinder {x:y = (1, %) E Q, |23 | <Wh} of
low altitude h with side surface S, and bases TI,%, We examine the three-dimensional problem
of elasticity theory

pdu (k,x) + (b + p)grad divu (i, x) + 27/ (y)e® =0, xe=Q, (1-1)
o (u; k, X) = p1 (y)e®, xe&=Dy* (1.2
w(h,x)=0, xe8, (1.3)

®pprikl.Matem.Mekhan. ,53,4,642-650,1989
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Here A, p are Lamé coefficients, e are directions in R3 u = (uy, u,, uy) is the
displacement vector, ps and Kkl are the transverse load and mass forces, o = (a3 Tyy
Gash Ogx are Cartesian components of the stress tensor o (u), O is the Kronecker
delta, and the subscript k after a comma denotes differentiation with respect to . The
characteristic dimension of the domain  is reduced to one by scaling. Then the small
parameter h and the coordinates become dimensionless. We will find several of the first
terms of the asymptotic form of the solution u of Problem {1.1}-(1.3} as Bo>0. We will
use a modification of the well-known algorithm in /1-4/ to construct asymptotic expansions.

2. Internal solution. Far from S, we will represent the solution in the form of the
formal series

(g X) ~ é Ri=3 (V3 (y) + U (y, B 7225)) @1

= : 2 :
Vo= ew?, ¢=0,1; Vi = (vjnwj)a vi= (v, vsj)

where the components [7J(y, &) (k = 1,2, 3) have zero means (7> {(y) in Les (=, W) § =
Rz,

Let L and B be matrix differential operators from the left side of (1.1) and (1.2).
It can be confirmed that they are represented as follows in the coordinates v, {

L (8/6x) = KtL° (818T) — K1LM (8ldy, 810y — L* (8/9y)
B (8/8x) = K1B° (8/8%) — B (8/8y) (2.2)
I° (3/a0) = Ma¥ate, B° (6/30) = Mo/8l, M = diag (p, p, 3 + 2y}
We substitute (2.1} and (2.2) into (1.1) and {1.2) and collect coefficients of identical

powers of h. We obtain recursion systems of eguations with the parameter yeQ to
determine .the vector functions U

LUT= LU L2 (U2 V) — 8y, fe®, D (=) (2.3)
BU = BYU™ 4 Vi) 4 8y, ipae®, §=-k 1,

Solving Problem (2.3), j=0,1,2, successively, we have

U7 = =00, Ut = Yov {1 — o) 2 (F = Ye) 3,0 — [T0t @.4)
U2 =y (1 — W7 (182 @ — ) + Ha v — B VA7 +
v(gE— 1/2) Avwle(3)} — [Vt
V= (V, 0), V= (8/8y;, 80y}, A= V.V

where the dot denotes the scalar product. The condition for Problem (2.2} (j =3) to be
solvable is the Sophie Germain eguation
DAY () =P W) ~pP W+ 1), y=E&% D=EN2( — vy {2.5)

where D is the reduced (h =1) cylindrical stiffness of the plate, £ is Young's modulus,
and « 1is Poisson's ratio. The solution U? has the form

UW=Up (- {0 9% (2 =Yy — (1 — 5 (B = Yo} (p. — {2.6)
oD+ U =28, + p) — (B — ) [} e + L (1 —
VIR R —v) Y v — 8 VA v (L — o) 1, (R —
o) A — LY. v3]e®

. In order fc_:r Problem (2.3} (j = 4) to become scolvable, three conditions must be satisfied.
Firstly, there is the analogous equation to {2.5)

DAt (yy =0, yegQ 2.7

and secondly, the system of two equations describing the generalized state of plane stress

BAVAHY) + p (V{1 v 1TV 3 (y) = (2.8
Yoy (B =1V {p, + p}y), y=Q

3. The problem for a boundary layer. Series {2.1) does not satisfy Condition (1.3} on
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the cylinder side surface S,. As we know, the residual that occurs is compensated by using
a boundary layer. We introduce a set S, of coordinates =n, z, s in the neighbourhood of T
where n and § are the internal normal and tangential components. We represent the solutions
of boundary-layer type in the form =z = (2, 23 2,). We set n = (kln, k%). The operators L
and B written in n, z, s, coordinates can be split into the following formal series:

L(-—(%— ,}:hj 2P1(n’ S 62) ' Zv )’ (3.1)

[y

Bl) ~ 2@ (w5 )

& ﬂ

§

It is clear that the operators P° and @° do not contain differentiation with respect
to ¢ while their coefficients are constants. Moreover P°(8/on) = L (8/om, 0), Q° (8/om) =

B (8/dm, 0). Thus, a boundary value problem is obtained from (1.1)-{1.3) to determine the
boundary layer

Po@fomyz(n) + H() =0, nEI; 2(0,m) =B (), |ne]<Ya (3.2)
Q°(3/a) z(nyy £ ) = GF (), , (0, )

Problem (3.2) is considered in the half-strip Il = {q& R% 5, >0, n, | <<,} and is
divided into two: the plane problem of elasticity theory (the first two lines) and the problem
of antiplane shear (the third line}. Moreover, its data depend parametrically on the variable
s; the symbol s is omitted to shorten the notation.

The following assertions are essentially known and are obtained by making the general
results specific /5, 6/. {(The calculations needed for this can be found in /4/, say; see /7,
8/ also).

Proposition 1. 1. Let the right-hand sides of (3.2) decrease exponentially as m, —» -+ oo.
Then a unique solution z exists for Problem {(3.2) with bounded components 3z, and 3z, The
asymptotic expansion

z () = C + (—1Ce M0 0) + 0 {exp (—~0n)), My > + (3.3)

holds for it for a certain § > 0.
2°. Exactly four linearly independent solutions exist

yd () = yd () - X9 M), j==1,2,3,4 (3.4)

for the homogeneous Problem (3.2) that grow at infinity not more rapidly than a power of
1, The X® in (3.4) are subject to Conditons 1° of the solution of Problem (3.2) with
right~hand sides H =0, Gt =0, @ () = —¥ (0, n;) and the vectors w are given by the
inequalities

¥ () = (1, — 12, 0), (35)
(2) 1w 2—v nv—=6 Y‘ Vi 1
PO () =(3 %+ T B B A (v — ) 0),

WO () = 0,0, ), ¥ () = (— nme, - (2 + 125 (w2 — 15) )Y
3°, The constants C=(C,C, C;) and C, from (3.3) are evaluated from the formulas

C;=aAGH, H, ®; YD), j=1,2, (3.8)

4
2/, oo

Co=w S""hHs mdn+ § y(ny)dn, +p? Z § Gt (ny) dny
iy S

= (12D)1, oy = — oy = b,
‘/ﬁ

A(GE H, @; Y)=S Y ()-H(njdn+ S T (Y; 0, n,)- @ (ng) dm, -+
..‘l/’

S+ § ¥ty 20 GEmYdny, Y = (¥}, Y5,0)

kil

Applying (3.3) and (3.6) to the solution (3.4), =4 we arrive at the following
assertion.

Proposition 2. The following relationships hold
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X® () = (c(v) 0y b (¥) — c(¥)ny 0) + o {exp (—bmy)), My~ +oo (3.7
¢ (v) = D13 (X@, X®; TI)

BK VM =Er( 4+ v)§ 3 [T ) Ty (Y)— vT5(X) Tox ()] dn

Ij, k=1
TO = (T4 Ty O); T 0 (2) = (024/00;+ 025/0m) + 55, AVy-2
Tjs(2) = Ty;(2) = poze/0m;, Tya(2) =AVn-z, jik=1,2

The dependence of the quantity ¢ (v) on Poisson's ratio determined by using computer
computations is represented in Fig.l.

4. The boundary conditions on o2. in order to compensate the residual of series
(2.1) in the boundary Condition (1.3), we shall seek the boundary layer in the form
z{h, &) ~ D) hi-%) (h"1n, b iay, ) (4.1)
=0

where 1 ->2z'(n,s) 1is a vector function decreasing
exponentially as 1, — - o . To the accuracy O (Y
the residual mentioned eguals &A™ (0, v’ (s, 0),0)+ A2 (s
(s, 0), —wt {s, O} N2 @ (5. 0)) on §, in the coordinates
6.5, According to Proposition 1, 3° Problem (3.2)

with appropriate right-hand sides has solutions z° and
z*  that vanish at infinity only if the following egual-
ities are satisfied:

W’ (y) = 0, (0uw’/on) (y) =0, (4.2)
y & Q2
w(y) =0, yeaQ (4.3)
b~ 0.25 z 45
Here 2=z =4, Furthermore, the vector z! is
Fig.1 a solution of Problem (3.2) in which H=0,Gt =0 and
W (1) = (el (8, 0) —2ov (1 —v) 2 (2 — V1) Ayu® {5, 0) — w (s, 0), 0) (4.4)

Comparing (4.4) with the boundary Conditions (3.5) mentioned in Proposition 1 for the
solution X4, we find that

23 (1, 5) = w)a (s, 0) (e — 1,6®) — e@w? (s, 0) ++ X (1) A° (s, 0) (4.5)

Applying Propositian 2, we obtain that the requirement of an exponential decrease in
the vector (4.5) yields the equality

w}n()’) +e(MAU°(y) =0, y=aQ (4.6)
wH(y) =b(M)Au°(y), ye=oQ (4.7)

The relationships (4.2), (4.3) and (4.6) are the necessary boundary conditions for Egs.
{2.5) and (2.7).

5. Justification of the asymptotic expansion. We will first find the first terms of the
asymptotic form of the stress tensor components that are generated by the sum of the series
(2.1) and (4.1). According to (2.4) and (2.6), far from the side surface S, we set

o = — 12DEh 3 [v8;, A, + (1 — v) 3%/0y,0y] (w° + huwt) ®-1)
of = 6DR™ (L2 — */,) (0/0y)) Ay (w° + hut), j,k =1,2
o =Y (p, +p.—2U + LB —48) (b, — p_ + 1)

The boundary layer yields an additional stress field near the plate edge. The appropriate
tensor ¢° written in n, Ty, §, coordinates is calculated in the displacements By (22 + b (v)
Ayule®) {the reasons for introducing the component b (v) Ayue®  are clarified before
Proposition 4) by using the usual formulas for the state of plane strain and equals
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§ 75, (7% [2% - €@ (v) A B i3, gus
where % is a smooth shearing function, and the quantities T, are mentioned in Proposition
1, 3°. We emphasize that by virtue of Proposition 2 the residuals occurring because of multi-
plication by the cutoff y (n) are exponentially small.

The displacement vector n° = h%e®w® + A 20°  (see (2.1) and (2.4)) and the stress
vector ¢° (terms of the order of O (k') and 0 (1), respectively, are discarded in the
first two formulas in (5.1)), are called the fundamental approximation to the solution of
Problem (1.1)-(1.3). By analogy the displacement ul = h7%e® (w° 4+ hw') - B2 (U° 4+ BUY) -+ gkt
(2% + b (v) Ayue®) and the stress ¢! = o* - ¢° should be considered to be second-order
approximations. The latter is needed in the foundation. An assertion concerning the
fundamental term of the asymptotic form is known /9, 10/.

Proposition 3. Let  f, ps % Ly {8). Then the inequality

H(d + RY2 (g — w )|+ RHIE + 2) 7 (= w) I+ 1 -+ BT, (g — )+ (5.2)
BV (uy— u) i+ AIHE + R (8/05)us — ud) ] +
H(d + Ay 2 (8)0g)(u; — u) ] + A7 || o (W) — o3 || +
[1(d + RY ™ (055 () — T3 [ - 271 Ogg () — 05° || < ch 28,

holds for the solution of Problem (1.1)-(1.3).

The norm in L;(Q,) is here calculated throughout; the subscripts j, & take the
values 1, 2; d(y) 1is the distance between the point y and 0Q the constant ¢ 1is indepen-
dent of h; E, is the sum of the norms of the quantities f, px in W= (Q), a = 0,1,

If f,pr =W (Q) we obtain from {2.5), {2.2) and (2.7), (4.3) and (4.6) that w’° & W}
(Q), W= W2 (Q), Aw® = WP (Q). Consequently, the second approximation possesses the requisite

smoothness. Moreover, the errors left in (1.1)- {1.3} have the structure of the errors of

the first approximation, and their order is one higher as h—>0. We especially emphasize
that the boundary Condition (1.3) is satisfied because of the presence of the component %A b {v)
Apf in ugh This expression depends smoothly on the variable yc [, its residual in
{1.1) and {1.2) is small, elimination of such a non-decreasing term of the boundary layer
occurs at the next step of the algorithm (see (4.7)). The following assertion results from
the above.

Proposition 4. Let f, p. & W, (). If the subtrahend on the left in (5.2) is replaced
by the second approximation to the solution of Problem (1.1)-(1.3), then the majorant takes
the form ¢k,

In particular, Proposition 4 shows that the estimate (5.2) is not improvable and asymp=~
totically exact since the norms on the left in (5.2) calculated from the boundary layer
are of order h2

We will now turn our attention to the following important fact. Propositions 5 and 4
yield an estimate of the asymptotic approximations only in the mean {in an energetic metric).
Meanwhile by using local estimates /11/ of the solutions of general elliptic boundary value
problems estimates can be deduced /12/ of solutions of problems (1.1)-{1.3) in the Holder
spaces (@, \Tn, Tx are small neighbourhoods of singular lines-edges 90 X {3k}
Unfortunately, the inequalities obtained in this manner are unsatisfactory: because of the
smallness of the "thickness" of the domain @, the estimates mentioned contain the parameter
h and the constant ¢(x) in the final inequality has a power growth as ks — 0. The possibility
of constructing smaller terms of the asymptotic form eliminates this disadvantage. It is
sufficient to take a certain number of "superfluous" terms of the series, to use a rough
estimate in the Holder spaces, and then to refer them to the remainder by evaluating the
norms of these terms directly. We emphasize that the results /13/ on elliptical boundary
value problems with ribs on the boundary enable the estimate to be extended to the whole
cylinder Q.

We present an inequality for the second-order approximation under the assumption that
the right-hand sides in (1.1) and (1.2) possess sufficient smoothness

[us-«usll+h—1{]uj—u;§+d*{u(u)——-01}}<ch“l 5.3y

Here the displacements and stresses are calculated at any point ze< 3, 4,(2) is the
distance between T and the rib a2 x {£'ss}. We note that the estimate {5.3) remains valid
if the displacement u,' is determined without taking the boundary layer into account.

An estimate of the closeness of the vector u* = h~%® (w° 4 huwt) + A% (U° + AU')  and the
tensor o¢* to the solution of Problem (1.1)-(1.3) is needed later. Since the boundary
layer is concentrated in a small neighbourhood of the side surface §,, its influence can be
eliminated because of the introduction of additional weighting factors d 4 h into the norm
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from the left side of {5.2). Therefore, by using the estimate the following assertion is
obtained from Proposition -4.

Proposition 5. Let f, py & W' (Q). The following inequality holds:

I1(d + By (g — ug) |+ 27 s —* )+ 1 Vo (g — ) 1] + (5.4)
R (d A+ B) V(5 — w4 Rl 4 7)™ (9/025) (g — u5*) || +
11(68/015) (15— w*) L + AU ( + k) (T3 (0) — 056} | + 11 05a (W) — 03 [| +
R 4+ 2) (335 (0) — 0™ | SchTHEy

We note that the estimates {5.2) and {5.4) are identically accurate in a Ch - neighbour-
hood of S,, but the estimate (5.4) is more exact by an order far from the side surface of
the cylinder @, (in the zone d-+h ~1).

6. The combined problem. The scalars u" and uw! are solutions of the same kinds of
Problems (2.5}, (4.2} and {(2.7), (4.3), {4.6). Consequently, it is natural to combine their
boundary conditions by formulating a new boundary value problem whose solution will coincide
with the sum w4+ hwt to O(h? accuracy. The simplest such problem is

DA (b y) =p, () —p_ (N + (), ye=Q (6.1)
w*(h,y) =0, (dw*/on)(h,y) + c(V)hAw* (b, y) =0, y=aQ

However, the energy functional corresponding to (6.1} is positive-definite just for

v =0 (for + >0 the constant ¢{v) is positive because of {3.7)). To construct the
combined boundary value problem with a positive energy functional, we introduce a regulérly
perturbed domain Q, = {y = @: n>c{v}h} T Q. In other words, we remove a boundary strip of

small width from the domain € in which the influence of plate edge clamping is essential.
We consider the problem

DALw* (b y)=p ) — PN+ 1y}, y=Q, 6.2)
w* (b, y) = (dw*[n) (h,y) =0, ye=Q, (6.3)

in Q,
Proposition 6. If f, pe = W,»(Q), then the estimate
o — w* — Bt Wy Q) | < oh?

is true for the solution of Problem {6.2) and (6.3) where y° and ' satisfy Conditions (2.5),
(4.2} and {(2.7), {4.3), and (4.6).

Proof. We expand > and ' in Taylor series in the variable 1 and substitute the sum
w® - Bt into the boundary Condition (6.3). For n=c¢{(v& we have

7 (3) + bt () = bt (0, ) + O (") 64
ot ant s &w°
L+ G ) =1 (G 09+ e () G 05)) 4+ O

Since  4w/an? = Aw® by virtue of (4.2) on 49, it follows from (4.3) and (4.6) that the
right-hand sides are of the order of % It remains to use the estimates of the solutions of
the elliptical problems (since the perturbation of the domain is regular then, according to
/14, 15/ the constant in the appropriate inequality is independent of h).

As in the case of (2.4) we set

U* = p7%® [w* + Ykt (1 — vy 1 (2 — Y/,) A w*] — R2EVw* (6.5)

and use the notation Zx* 2% Z3e* for the stresses calculated by means of (5.1) in
which the sum u° 4 huw' is replaced by w*., There results from Propositions 5 and 6

Proposition 7. If f, py e Wi (Q), then the inequality (5.4) is true in which the
guantities U*, Z* take part in place of u*, ¢*.

7. Ezample. To estimate the accuracy of the approximate formulas we computed the problem
of the bending of a beam clamped at the endfaces by a constant transverse lead on a computer
by using two-dimensional finite elements, for v =103, b=0.2, Q= (=1, Y. The binomial
asymptotic expansions of the beam deflection determined according to Propositions 6 and 4 are
identical to O™ accuracy and are given by the equalities
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w* {z, k) = 2pD7IR73 (2f — (c (v) h — Y2 (7.1)
3wy (2) 4 APy (2) = 2pD7W73 (2% — YY) {2 - 20 (V) B — /)

(dimensionless coordinates). Graphs of the computer computations (curve 1), the function
(7.1) (curve 2), and the Kirchhoff solution (dashes) are represented in Fig.2 o= (2p)"1 wD.
We note that the relative error in the calculations of the normal displacements at the middle
part of the beam is 5-6% by the Kirchhoff theory (as compared with the numerical solution)
and does not exceed 1-2% when using (7.1).

8. Plate bending vibrations. According to Proposition 7,
2 the solution of Problem (6.2) and (6.3) reaches an asymptotic
approximation of increased accuracy far from the edge S, of
the plate @,. It is natural to use this circumstance to find
the refined eigenfreguency asymptotic form. The system of
equations

pAulh, xy+ (A + p) grad divulh, x) + ok (B2 u(h, x) =0, xeQ, 8.1y

7,05
with homogenecus boundary Conditions (1.2) and (1.3} (under
the assumption that u; is even and u,, u, are odd functions
of the variable z;) describes plate bending vibrations. It
is known that the solutions of the spectral equation
e L DA 2w (y) = pko'w® (y), y = (8.2)
y i . . X .
o b with boundary Conditions (4.2) yield the asymptotic form
k™ (hy = ke ™ + O, (A% of the eigenfrequencies of such
Fig.2 vibrations (the estimate of the remainder is worsened as the
number n=1,2,... increases). Combining the results

obtained in the previous sections with the known procedure for
constructing the asymptotic form of the eigenvalues of singularly perturbed elliptical boundary
value problems fsee /&/, Ch.2, say), we obtain that the solution of the spectral eguation

DA2w* (y, By = pky (R Pw* (v, B), ye&Q, (8.3)
with Conditions {6.3) on 0, yields an approximation to k(b)) with increased accuracy
0, (h®). We will formulate the appropriate assertion.

Proposition 8. The reltionships k™ (k) = kk,™ (k) + O () hold, where n=1,2, ...
k™ (R) and k™ (k) are eigenfrequencies of Problems (8.1), (1.2), (1.3) and (8.3), (4.2)
arranged in non-decreasing order (taking multiplicity into account).

We mention still another asymptotic representation for k(k). We assume that Ay = D7pke
is a simple eigenvalue of the Dirichlet problem for the biharmonic operator and we normalize
its corresponding eigenfunction in  L,(2). Repeating the computations from Sects.2 and 4, we
obtain that the gquantity 4, in the representation

AR} = B (Ag + hA; + O (B3) 8.4)

for the eigenvalue of the operator of problem (1.1)-{1.3) is found when solving the equation
Apued = Agst - Aw® with the boundary Conditions (4.3) and (4.6). By using Green's formula
the conditions for such a problem to be solvable are reduced to the form

Ar=e®) § 1aps () ds @.5)
oQ

Therefore, the relationship & (&) = hko (1 + Yep~:DhAjky™ -+ O (k%) holds. See /16/ for its
proof. We recall that D is the reduced cylindrical stiffness of the plate (a= 1). By virtue
of (3.7) and (8.4) A; is a non-negative quantity. Therefore, the eigenfrequencies in Problem
(8.2), (4.2) yield an approximation to the eigenfrequencies of the bending vibrations of the
plate Qp with a disadvantage.

We present the expansions of the eigenfrequency ki {3 = [Dp™lag(h)]¥: of the Reissner plate
bending vibrations

Ag () = 8 {Ro - 2 (o §1 9w Py — (5 (1 — o)1 SS: Vawtdy )+ 0 G} ©.6)
Q 2

where A, and u° are the same as in (8.4) and (8.5). (Formula (8.6) can be obtained by
using the results in /17/ when considering the Reissner plate theory problem as a singular
perturbation of the Kirchhoff theory problem). Comparing (8.4), (8.5) and (8.6) we see that
the correction A%,z of the eigenfrequency by Reissner theory differs in order and is not
sign-definite.
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Formula (8.4) contradicts the inequality k (b) <Ck, (k) that is evident at f%rst glance.
The appropriate "proof" for the first frequencies is naturally carried out by using the
Rayleigh principle

pl (Rt = inf {23 () |w; Ly (Qn) I [u E W (Qp),u=0 ©On 5} 8.7
okg2h? = inf (2h*3x (W) [|w; Ly (Q) I |w & W2 (Q),w = dw/én  on Q) (8.8)
I (W) =D || Aw; Ly (Q) I

O (u) is the three-dimensional plate strain energy). The vector field of the displacement

u’ = (—zV,w, w) & W (@), is constructed by means of the function w, and satisfies the
boundary conditions on the plate side surface and seemingly inf {20 (u)|ju|[®} in every case
is not less than the right-hand side of (8.7) in a narrower set {u”}. The error is that

3 @®) = (1 + 8) h® A (w), &= v2 (1 — 2v)™, and the infimum of the quantity 2kt (1 + 68) Ix (w)

(Ifw)? 4 Yh? || Vw32 must be sought in the set {u”}. Therefore, application of the
Rayleigh principle does not yield on a priori estimate for the eigenfrequency k (k).

We note that because of the smallness of the quantity ¢ (v) the correction term O (¢ (v) k)
can be less than the next term of the asymptotic form O (k%. Consequently, the correction
found is decisive in the asymptotic form only for thin plates (according to computer com-
putations for &k < 1/20).
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